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Abstract. The quantum resource analysis of CSIDH has remained an
active research topic. At Eurocrypt 2020, Peikert raised three open prob-
lems concerning the optimization of the corresponding quantum resources.
In this work, we primarily focus on the �rst two: optimizing quantum
resources for ideal class groups and choosing the collimation arity. Specif-
ically, we reduce the T-gate complexity of class group actions for CSIDH-
512 from 252.6 to 251.7. Furthermore, within our four-way permutation
construction model and under a speci�ed classical memory budget, we
provide a detailed analysis of the classical and quantum resources as-
sociated with di�erent collimation arities r. Among the evaluated con-
�gurations, r = 4 emerges as the optimal choice. By incorporating the
hidden-shift quantum algorithms proposed by Peikert, we achieve a T-
gate reduction of at least 85% for solving CSIDH-512.
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1 Introduction

CSIDH instantiates a commutative group action from ideal classes of an imagi-
nary quadratic order acting on supersingular elliptic curves over a prime �eld [1].
Its most detailed quantum security analyses combine a hidden-shift algorithm
with a quantum circuit that evaluates the class-group action in superposition [2][3].

Castryck, Lange, Martindale, Panny and Renes proposed CSIDH as a candi-
date post-quantum �commutative group action", which attracted much attention
and interest, due to its small communication and relatively high e�ciency [1].
Authors suggested concrete parameters in order to meet some desired levels of
quantum security. Bonnetain and Schrottenloher conducted a detailed quantum
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security analysis of CSIDH [2]. This mainly includes two parts: �rst, a quan-
tum algorithm for recovering a hidden shift in a commutative group. Second, a
computation in superposition of all isogenies originating from a given curve.

For recovering a hidden shift, Bonnetain and Schrottenloher proposed three
quantum algorithms [2]: one using a combination routine on labeled qubits, an-
other based on subset-sums, and the third derived from Kuperberg's quantum
algorithm [4]. Among them, the second method required the fewest quantum
queries, i.e., 2 log2(log2 N) where N represents the size of the class group. Peik-
ert generalized Kuperberg's collimation sieve [4] to work for arbitrary �nite cyclic
groups, provided some practical e�ciency improvements for recovering a hidden
shift [3]. Chávez-Saabet al.[5] provided three di�erent permutations for Peik-
ert's collimation sieve: (1) classical traversal/iteration approach, (2) divide-and-
conquer merging and (3) Grover's algorithm. When r is small, e.g., r = 2, 3,
Method (1) is preferable; when r ≥ 5, Method (3) is preferable, but this is sub-
ject to depth constraints. If there is no depth limitation, Method (2) is the best
choice.

The second part is to design a quantum circuit for the class group action,
which mainly includes quantum algorithms for modular arithmetic operations
(e.g., modular multiplication, modular inversion and modular exponentiation),
scalar multiplication, as well as isogeny and isogeny-based curves. Bonnetain
and Schrottenloher proposed the �rst corresponding quantum algorithm[2]. For
computationally expensive modular multiplication and modular inversion, they
adopted the approach of Roetteler et al. [6], which involves converting classi-
cal Montgomery-based multiplication and extended Euclidean-based inversion
algorithms into their corresponding quantum versions [2]. For modular expo-
nentiation, they designed the corresponding quantum algorithm by combining
the classical square-and-multiply technique with Bennett's time-space trade-o�
method. For isogeny and isogeny curve computations, they developed the cor-
responding quantum algorithm by adapting the classical algorithm from [7] and
incorporating Bennett's time-space trade-o� method.

Peikert raised three open problems concerning the optimization of quantum
resources: (1) the optimization of quantum oracles, namely the quantum re-
source optimization for evaluating the CSIDH group action; (2) the choice of
the collimation arity r; and (3) the number of bits of the CSIDH secret key that
must be recovered to compromise the scheme [3]. Our contributions are primarily
centered on the former two, which are detailed as follows.

Fixed-exponent Legendre-symbol computation. To compute modular exponenti-
ation of the form

x
(p−1)

2 , x ∈ Fp, (1)

We propose an e�cient reversible quantum algorithm for �xed-exponent Legendre-
symbol computation. By combining addition-chain windowing, precomputation
tables, Bennett�Knill pebbling, and inverse-operation uncomputation, the algo-
rithm achieves a signi�cant 60% reduction in T-gate count for the CSIDH-512
setting. This work provides a critical building block for the overall optimization
of quantum circuits for class-group actions.
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Isogeny computaions. For isogeny computations, we build on the observation
that classical implementations on Edwards curves already attain optimal e�-
ciency, and we accordingly enhance the performance of their quantum counter-
parts. When applied to CSIDH-512, our empirical results demonstrate that the
T-gate count is reduced by at least 4% for the out-of-place isogeny curve.

Four-list collimation permutation. In the collimation permutation problem [5],
we reinstate the two-scale setting with parameters S1 ≫ S2. For the arity-four
case, the algorithm employs two heap-generated pair-sum streams together with
a reusable active window to enumerate all surviving tuples. The algorithm runs
in O(L2 logL + |J |) time and uses O(L +Wmax) working words, in addition to
the unavoidable output table; under the random-list sieve model, the expected
size of the active window is on the order of L2S2/S1. We implement the 4-
ary collimation sieves in Haskell based on Peikert's reference implementation of
the simulator and con�rm that r = 4 substantially reduces the recursion depth
and oracle-query complexity compared with r = 2. For other values of r, our
theoretical analysis reveals that as r increases, the total T-gate count exhibits a
steady decline, while the classical time and memory overheads associated with
the collimation phase grow proportionally. In particular, this trade-o� suggests
an optimal operating regime for intermediate r, balancing quantum resource
savings against classical preprocessing costs.

E�ciency Analysis. Combining the optimization techniques described above, we
achieve a reduction in the ideal class group complexity for CSIDH-512 from 252.6

to 251.7, corresponding to a 85% decrease in the overall complexity of solving
the underlying isogeny problem.

2 Preliminaries

2.1 Quantum arithmetic operations over the base �eld Fp

For modular algebraic operations over Fp where n = ⌈log p⌉, the key operations
include modular addition, squaring, multiplication, inversion, and division. For
modular addition, since integer addition can be classi�ed into three types based
on the least signi�cant qubit [8], minimal quantum T-depth[9], or the fewest
T gates [10], Häner et al. subsequently derived corresponding modular addi-
tion circuits from these perspectives [11]. For modular multiplication, Häner et
al. proposed a serial multiplication method, optimizing the Montgomery multi-
plication previously presented by Roetteler et al. [6]. For squaring operations,
Roetteler et al. designed a corresponding quantum circuit based on the double-
and-add method [6]. By optimizing the addition operation in terms of minimal
qubit usage, lowest quantum depth, and fewest T gates, Häner et al. subse-
quently proposed an improved squaring implementation [11]. For the inversion
operation, Roetteler et al. developed a quantum algorithm based on the extended
Euclidean algorithm, later optimized by Häner et al. via SWAP gate reductions.
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To compute x/y mod p, Roetteler et al. �rst inverted y in an auxiliary regis-
ter, multiplied the result by x, and then uncomputed the auxiliary qubits by
inverting y again.

Gu et al. [13] also proposed a newer minimum-T arithmetic family. We retain
those rows in Table 1. These circuits use a di�erent architecture and uncomputa-
tion model, including a two-dimensional nearest-neighbor layout and dynamic-
circuit ingredients. They are therefore informative alternatives, but they are not
substituted component-by-component into the Bonnetain�Schrottenloher oracle.
The concrete comparison in Section 5 uses one homogeneous model throughout,
i.e.

n = 511, TM = 4n2 = 219.99 To�oli gates, QM = 3n, (2)

and

TI = 32n2 log2 n = 226.16To�oli gates, QI = 5n+ 2⌈log2 n⌉+ 7. (3)

Table 1: Restored alternative base-arithmetic estimates from [13]; these rows are
not mixed into the homogeneous CSIDH-512 comparison.
Circuit Depth T gates Logical qubits
Addition 4n − 2 16n + 4 4n + 4
Squaring 21.4n2 + 1.43 · 210 37.8n2 + 1.4 · 212 7n + 12.2
Multiplication 21.4n2 + 1.35 · 210 37.8n2 + 1.4 · 212 7n + 12.2
Inversion 23.14n2 + 1.25 · 29 70.85n2 + 1.94 · 211 10n + ⌊log2 n⌋ + 11
Division 26.2n2 log2 n + 1.67 · 29 76.29n2 log2 n + 1.18 · 218 10n + ⌊log2 n⌋ + 11

We concisely denote these quantum algorithms as add_modp, squ_modp,mul_modp
and div, while f and g represent quantum states of elements in Fp. Then, these
algorithms are simply described as follows:

add_modp : |f⟩|g⟩ → |f⟩|f + g mod p⟩;
squ_modp : |f⟩|0⟩ → |f⟩|f2 mod p⟩;
mul_modp : |f⟩|g⟩|0⟩ → |f⟩|g⟩|fg mod p⟩;
div_modp : |f⟩|g⟩|0⟩ → |f⟩|g⟩|fg−1 mod p⟩.

2.2 Collimation Sieve

Kuperberg proposed an algorithm for solving the hidden-shift problem, consist-
ing of two main components: (1) a quantum oracle that evaluates the group
action on a uniform superposition and produces random phase vectors;(2)a siev-
ing procedure that destructively combines low-quality phase vectors into high-
quality phase vectors [4]. Peikert has proposed a sieve method for collimating on
the most-signi�cant bits, built upon Kuperberg's algorithm and leveraging quan-
tum accessible classical memory (QRACM) in Algorithm 1[3]. Uf is a quantum
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oracle that maps |x⟩|0⟩ to |x⟩|f(x)⟩. The phase vector |φi⟩ (for i = 1, 2, . . . , r)
has length Li and is de�ned as

|φi⟩ = L−1/2
∑

j∈[Li]

χ(bi(j)s/N)|j⟩,

bi(j) is a map from [Li] to Z.

Algorithm 1 Collimation sieve for group ZN and collimation arity r

Input: Interval sizes S0 < S1 < · · · < Sd = N , a desired phase-vector length L,
and oracle access to Uf .
Output: A phase vector on [S0] of length ≈ L.
Base case. If S0 = N , generate ℓ ≈ logL length-2 phase vectors
|φ1⟩ , |φ2⟩ , . . . , |φr⟩ using Uf . Output the length-2

ℓ phase vector |φ⟩ = |φ1, . . . , φr⟩.
Recursive case. Otherwise:

1: Using r recursive calls for sizes Si+1 and appropriate desired length, obtain r phase
vectors |φ1⟩ , |φ2⟩ , . . . , |φr⟩ on Si;

2: Form the phase vector |φ′⟩ = |φ1, φ2, . . . , φr⟩ having index set [L1]×· · ·× [Lr] and
phase multiplier function b′(ȷ) =

∑r
i=1 bi(ji);

3: Measure |φ′⟩ according to the value of k =
⌊

b′(ȷ)
Si

⌋
to obtain Pk |φ′⟩ for a certain

subunitary Pk;
4: Find the set J of the tuples ȷ that satisfy the above. Let L = |J | and choose a

bijection π : J → [L];
5: Output phase vector |φ⟩ = UπPk |φ′⟩ with index set [L] and multiplier function

b(j) = b′(π−1(j)).

Recursion Depth. The recursion depth d of the collimation sieve is determined
by r and L. The sequence of interval sizes Si satis�es:

S0 ≈ L, Si+1 = min
{
≈ Si · Lr−1/r,N

}
,

where Sd = N is the length of the initial phase vectors, and the recursion
terminates when Si = S0 = L. Solving the recurrence yields the condition :

S0

(
Lr−1/r

)d ≥ N =⇒ d =

⌈
log(N/S0)

log(Lr−1/r)

⌉
.

Query Complexity. At the leaf level Sd = N , the phase vector length is
approximately:

L′ = (rLN/Sd−1)
1/r

.

This requires ⌈logL′⌉ oracle queries. Accounting for discards with fraction δ, the
e�ective branching factor is r/(1− δ). Total oracle queries:

Q = (r/(1− δ))
d · logL′.
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To recover the secret key, set S = L. Each sieve run yields an expected logS− 2
bits, and the remaining 56 bits are brute-forced. Therefore, the total number of
oracle queries becomes:

Q̃total = (r/(1− δ))
d · logL′ · logN − 56

logS − 2
.

QRACM Memory. Instead of storing full multipliers bi(ji) (requiring logN
bits each), we store only the high-order bits. Letting Lmax denote the maximum
of the lengths of the input and output phase vectors, the number of bits required
is:

Lmax · (1 + α) log
(
Lr−1/r

)
.

The other is the π table employed in Step 4 of Algorithm 1, for which the number
of qubits required is:

Lmax logLmax.

Both types of data reuse the same QRACM region, so the total memory is the
larger of the two:

R = Lmax ·max
{
(1 + α) log

(
Lr−1/r

)
, logLmax

}
.

3 Improved Quantum Circuit for the Class Group Action

In this section, we optimize the cost of the quantum circuit that evaluates the
CSIDH group action on a given Montgomery curve EA represented by A ∈ Fp:

|e1, ..., eu⟩|A⟩|0⟩ → |e1, ...eu⟩|A⟩|Le1
l1

◦ · · · ◦ Leu
lu
(A)⟩

where Lei
ℓi
corresponds to applying [li] to a given curve for ei times when ei > 0

or its conjugate [li] to a given curve for |ei| times when ei < 0.
Bonnetain et al. took an ℓ-isogeny as an example [2] to introduce the detailed

quantum algorithm. For an ℓ-isogeny, the procedure generally consists of the
following steps:

1). Input |A⟩, and create a superposition of good points of order p+ 1 on EA;
2). Input |A⟩|P ⟩, and compute Q = ((p+ 1))/ℓ using a reversible Montgomery

ladder algorithm;
3). Input |A⟩|Q⟩, and compute the isogenous curve B = Lℓ(A);
4). Use Bennett's algorithm to uncompute the point Q;
5). Use Bennett's algorithm to uncompute the superposition of good points.
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For Step 1), it involves determining whether a point lies on the elliptic curve EA

and whether its order is p+1, requiring algorithms for �xed-exponent Legendre-
symbol computation and the Montgomery ladder algorithm; Step 2) uses the
Montgomery ladder algorithm to obtain a point of order ℓ; For Step 1) and 2),
they costs 30B(n, s)TM+6B(n, 4s)TM operations usingQM+(4s+3)n qubits [2].
Step 3) uses the isogenous curve formula to compute the isogenous curve, it re-
quires a cost of 7B( ℓ−1

2 +1, s)TM +6B(⌈log2 ℓ⌉, 4s)TM +(4ℓ−1)TI +(4ℓ+3)TM

operations using QI + (4s + 11)n qubits according to Bonnetain's conclusion.
Steps 4) and 5) use Bennett's algorithm to uncompute the superposition states of
the original stored points and the good points, so that the register can be reused
later. Among the above �ve steps, the main operations involve �xed-exponent
Legendre-symbol computations, inversion, multiplication, the Montgomery lad-
der algorithm, and quantum algorithms for isogenies.

Based on the advances made by Gu, Ye, Chen, et al. in the implementation of
modular multiplication, squaring, inversion, and division [13], we proceed to op-
timize the quantum algorithms of �xed-exponent Legendre-symbol computation
and isogeny computation.

Remark 1. Notice that the notations TM , TS , TI , TD andQM , QS , QI , QD denote
the number of T-gates and qubits for multiplication, inversion and division,
respectively.

3.1 Fixed-exponent Legendre-symbol computation

The Legendre-symbol of x modulo p is

x(p−1)/2 (mod p) =


0, x = 0,

1, x ∈ (F×
p )

2,

−1, x ∈ F×
p \ (F×

p )
2.

(4)

This is a quadratic-character computation used in good-point preparation. We
use clean, out-of-place primitives�speci�cally, squ_mod andmul_modp�along
with their exact inverses for uncomputation.

The CSIDH-512 prime is

p = 4 · 587
∏

ℓ prime
3≤ℓ≤373

ℓ− 1. (5)

It has 511 bits; the �xed-exponent is p−1
2 which has has 510 bits. For a left-to-

right window of width w, precompute the odd powers x, x3, . . . , x2w−1. If the
certi�ed windows are a0; (g1, a1), . . . , (gm, am), the accumulator recurrence is

yj = y2
gj

j−1x
aj , (6)

where y0 = xa0 . The squarings must precede the multiplication by the next
window.
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Algorithm 2 Full-storage clean evaluation of x
p−1
2

Input: x ∈ Fp, public width w, and certi�ed schedule a0; (gj , aj)
m
j=1

Output: |x⟩|x
p−1
2 ⟩ and all work registers reset

1: Compute x2

2: for odd a = 3, 5, . . . , 2w − 1 do
3: Compute xa = xa−2x2 in a fresh register
4: end for

5: Copy xa0 into the �rst accumulator register
6: for j = 1 to m do

7: Apply gj out-of-place squarings to fresh accumulator registers
8: Multiply by the stored odd power xaj

9: end for

10: Copy the �nal accumulator to the output
11: Apply every multiplication and squaring inverse in reverse topological order

12: return |x⟩
∣∣∣x p−1

2

〉

Table 2: Certi�ed forward operation counts for �xed-exponent (p− 1)/2.

w Squarings Multiplications Total primitives

2 509 170 679
3 509 131 640
4 509 111 620
5 506 99 605

6 506 101 607
7 504 126 630
8 503 184 687

Table 2 gives the independently veri�ed forward counts. The precomputation
costs one squaring and 2w−1 − 1 multiplications.

For w = 5, the odd-power table uses one squaring and 15 multiplications,
and the main chain uses 505 squarings and 84 multiplications. Thus the forward
straight-line program costs

506TS + 99TM ,

and the full-storage compute�copy�uncompute circuit costs

1012TS + 198TM .

It uses 608 �eld registers including input and output.

Proposition 1 (Schedule correctness). Suppose the certi�cate veri�es the
Horner identity

p− 1

2
=

(
· · · ((a02g1 + a1)2

g2 + a2) · · ·
)
2gm + am, (7)

with every aj odd and 1 ≤ aj < 25. Then Algorithm 2 implements |x⟩ |0⟩ 7→
|x⟩

∣∣∣x p−1
2

〉
for all x ∈ Fp and coherently on superpositions.
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Proof. Induction in Eq. (6) shows that the �nal accumulator is x
p−1
2 . The output

is copied by CNOTs in the computational-basis encoding. Applying the exact
inverse of every primitive in reverse topological order clears all table and ac-
cumulator registers without touching the copied output. Equation (4) gives the
desired character value, including x = 0.

Memory-matched reversible pebbling. The full-storage circuit gives the
smallest primitive count in our comparison, but it uses more qubits than the
published character circuit. To obtain an apples-to-apples row, we apply the
same Bennett�Knill recurrence[14]. Let B(t, s) be the least number of primitive
invocations required to reversibly evaluate a chain of t maps with s checkpoint
registers, where the input is retained and all temporary checkpoints are cleared.
The recurrence is

B(1, s) = 1, B(t, 0) = ∞ (t ≥ 2), (8)

B(t, s) = min
1≤k<t

(
B(k, s) +B(k, s− 1) +B(t− k, s− 1)

)
. (9)

For width 5, retain 16 additional �eld registers: one for x2 and 15 for the odd
powers x3, x5, . . . , x31. The main accumulator has 589 arithmetic maps. We ap-
pend one phase-marking map, conservatively charging it as one �eld primitive,
and allocate 44 checkpoint registers. Each out-of-place primitive also needs one
�eld-sized output register in addition to its arithmetic workspace. Exact dynamic
programming gives

B(590, 44) = 2269. (10)

Computing and later erasing the odd-power table costs 2 · 16 further primitives.
Therefore one clean character phase costs at most

(32 + 2269)TM = 2301TM .

The associated local �eld-register budget is

61 = 16 + 44 + 1

registers: 16 retained precomputation values, 44 Bennett checkpoints, and one
output register for the active out-of-place primitive, plus the arithmetic workspace
QM and O(1) phase/control bits. 16 retained precomputation values, 44 Bennett
checkpoints, and one output register for the active out-of-place primitive, plus
the arithmetic workspace QM and O(1) phase/control bits.

The pebbling certi�cate has core SHA-256

e54389296367bac03e4d6df7a3dc4036ea2eee32d904c57ebea6107e00b4e1fc.

Its veri�er recomputes the recurrence, checks B(590, 44) = 2269, imports the
independently veri�ed �xed-exponent counts, and regenerates every numerical
row in Section 5. The �xed-exponent schedule certi�cate has core SHA-256

afbed46943b43f917bc7d8fffbbfa40cb2bceafbc7d1090dde70aa506d2b2d0f.
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3.2 Computing an Isogeny

In this subsection, we optimize the quantum algorithm for Step 3) (isogenous
curve computation). Kim et al. found that the w coordinates on Edwards curve
had a high e�ciency in computing ℓ-isogenous curve [15][16]. According to the
formulas of evaluating isogenous curve,

d′ = dℓ(
∏ wi + 1

2
)8

Based on this formula, we can readily derive the corresponding quantum algo-
rithm and analyze its quantum resources in Lemma 1.

Lemma 1. Out-of-place isogeny curve.There is a circuit that on input |d⟩|Q⟩|0⟩,
computes |d⟩|Q⟩|d′⟩ using (4s+ 5)n+QD qubits.

7B(
(ℓ− 1)

2
, s)TM + 3B(⌈log2 ℓ⌉, 4s)TM + (ℓ− 3)(4TM + 4TI) + 7TM + TD

where s denotes a tradeo� parameter, and B(n, s) refers to the function as de�ned
in [18].

Proof. The quantum resource of computing an ℓ-isogenous curve requires ana-
lyzing the quantum resources of the following operations.

1. Compute the wi =
Wi

Zi
(i = 1, 2, .. (ℓ−1)

2 ) coordinates of pointsQ, 2Q, ..., (ℓ−1)
2 Q;

2. Compute h =
∏ wi+1

2 =
∏ Wi+Zi

2Zi
=

∏
Wi+Zi∏
2Zi

;

3. Compute h8;
4. Compute dℓ;
5. Compute dℓ · h8.

For Step 1, according to [2], since the computational cost of point addition
and doubling in w-coordinates on Edwards curve is identical to that on Mont-

gomery curves, Step 1 requires 7B( (ℓ−1)
2 , s)TM To�oli gates using n+QD aux-

iliary qubits. For Step 2, we employ an in-place multiplication, which requires
2TM + 2TI To�oli gates, the computation of h necessitates 2(ℓ − 3) in-place
multiplications, thus costs (ℓ− 3)(4TM + 4TI) + TD To�oli gates using QD + n
auxiliary qubits. For Step 3, it involves 5 squaring operations, consuming 5 TM

To�oli gates while requiring 2n+QM additional qubits. For Step 4, Bonnetain's
method would requires 3B(⌈log2 ℓ⌉, 4s)TM To�oli gates and QM + (4s + 1)n
ancilla qubits (we can alternatively apply the approach from Algorithm 2 to op-
timize this computation). For Step 5, computing dℓ ·h8 needs two multiplications.
Therefore, the total number of To�oli is

7B(
(ℓ− 1)

2
, s)TM + (ℓ− 3)(4TM + 4TI) + 3B(⌈log2 ℓ⌉, 4s)TM + 7TM + TD.

For the total number of ancilla qubits, since h and d are computed in the middle,
before the backwards recomputation of the ladder steps, this increased the ancilla
usage. Thus, the total number of ancilla qubits is

n+ n+ 2n+QD + (4s+ 1)n = (4s+ 5)n+QD.

10



Lemma 2. [2] There exists a quantum procedure that performs an ℓ-isogeny
mapping in place:|d⟩ 7→ |Lℓ(d)⟩ with an overwhelming probability of success and
detectable failure using Tℓ(s) T-gates (including computing good points, Lemma
1 and 30B(n, s)TM ) and (4s+ 7)n+QD qubits.

Lemma 3. [2] Let M be the L1 bound obtained by reducing the lattice of rela-
tions. Assume that M ≪ 250 and ℓ is the maximal small prime used. Then there
exists a quantum circuit for the class group action using 2MTℓ(s) T-gates and
(4s+ 7)n+QD qubits, where s is an integer trade-o� parameter, with negligible
probability of failure.

4 An output-sensitive four-list collimation permutation

After obtaining the quotient k through measurement in Step 3 of Algorithm 1,
how to e�ciently �nd all tuple indices that satisfy the conditions and construct
the permutation π on a classical computer remains one of the core factors a�ect-
ing the classical computational cost of the entire quantum algorithm. Moreover,
the number of subsequent QRACM in Step 4 is also one of the factors in�uenc-
ing the required quantum resources. We begin by formalizing a combinatorial
problem that arises in the collimation step of Algorithm 1.

A collimation step receives r sorted lists B1, . . . , Br, each of length L, whose
entries lie in a range of size S1. After measuring a bucket index K, the classical
permutation builder must enumerate

JK =

{
(j1, . . . , jr) : KS2 ≤

r∑
i=1

Bi[ji] < (K + 1)S2

}
,

where the sieve regime has S1 ≫ S2 ≫ L [5]. For random independent entries,
the expected output size is on the scale

E|JK | ≍ Lr S2

S1
,

up to boundary and convolution-density e�ects. Replacing S1 and S2 by one
symbol changes this estimate by orders of magnitude and is therefore not a
harmless notational simpli�cation.

Three broad approaches are useful for comparison: exhaustive enumeration of
r− 1 lists followed by search in the last, a meet-in-the-middle merge, and quan-
tum search [5]. The plots in Fig. 1 visualize the asymptotic exponents for one
representative parameter sweep. For r > 2, Method 2 achieves optimal time com-
plexity; however, its memory requirement surpasses the classical memory upper
bound. Prompted by this �nding, we proceed to optimize Method 2 further. In
the following sections, using r = 4 as an illustrative example, we introduce a new
collimation technique that e�ectively lowers the classical memory complexity.
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Fig. 1: Illustrative asymptotic comparison of candidate collimation-permutation
constructions. A concrete arity choice additionally depends on S1, S2, output
size, depth, QRACM, and hardware limits.

4.1 Heap-generated pair-sum streams

For r = 4, de�ne pair sums

A = B1 ⊕B2, C = B3 ⊕B4,

where every item retains both source indices. Because the input lists are sorted,
all L2 items of A can be streamed in increasing order using a min-heap of size L:
initialize the heap with (B1[i] +B2[0], i, 0), pop the smallest item, and advance
only its second index. A symmetric max-heap streams C in decreasing order.
Each stream costs O(L2 logL) time and O(L) words of working memory without
materializing all pair sums.

Let Tmin = KS2 and Tmax = (K + 1)S2 − 1. For a current a ∈ A, the valid
values of c ∈ C lie in

I(a) = [Tmin − a, Tmax − a].

As a increases, both endpoints of I(a) decrease. We maintain a dequeW contain-
ing exactly the already generated C items in this interval, in decreasing order.
Crucially, items in W are reused for every a they match; they are not destroyed
after the �rst output.

Theorem 1 (Correctness and complexity). Algorithm 3 outputs every tuple
in JK exactly once. Its time complexity is

O(L2 logL+ |JK |),

and its working memory, excluding the output table, is

O(L+Wmax),

where Wmax is the largest active-window size encountered. Storing the reversible
rank table requires an additional O(|JK |) records, which is unavoidable when the
subsequent quantum permutation is implemented by table lookup.

Proof. The heap invariant for A is the standard multiway-merge invariant: the
heap contains the least unreported item of each of the L sorted chains B1[i] +

12



Algorithm 3 Complete four-list interval join

Input: Sorted lists B1, B2, B3, B4 of length L, scales S1, S2, and bucket K
Output: All tuples in JK and a deterministic rank table
1: Initialize the increasing heap stream A = B1 ⊕B2

2: Initialize the decreasing heap stream C = B3 ⊕B4

3: W ← empty deque; c← �rst item of C; ρ← 0
4: for each item a = (a0, i1, i2) from A in increasing order do
5: lo← KS2 − a0; hi← (K + 1)S2 − 1− a0

6: while W is nonempty and W.front.value > hi do
7: remove the front item of W
8: end while

9: while c exists and c.value > hi do
10: advance c in the decreasing stream
11: end while

12: while c exists and c.value ≥ lo do
13: append c to the back of W ; advance c
14: end while

15: for each (c0, i3, i4) in W do

16: output (i1, i2, i3, i4) with rank ρ; ρ← ρ+ 1
17: end for

18: end for

B2[0], . . . , B1[i] + B2[L− 1]. Thus every indexed pair appears exactly once and
in nondecreasing order. The same argument gives the decreasing C stream.

Fix an iteration with current interval [lo, hi]. Values above hi are removed
from the front of W or discarded from the unconsumed stream; because future
intervals only move downward, these values can never become valid later. The
second insertion loop consumes every as-yet-unseen C item down to lo and ap-
pends it to W . No element below lo is consumed. Hence, after the updates, W
contains exactly the indexed C items whose values lie in the current interval.
Pairing the current indexed a with every item of W therefore outputs precisely
all valid quadruples containing that a, including duplicates of equal numerical
sums with di�erent indices. Since each a occurs once, each quadruple occurs
once.

The two pair streams perform L2 heap pops and at most L2 pushes, each in
O(logL) time and O(L) heap space. Every deque item is inserted and removed
at most once, while iterating over active items is charged to an output. This
gives the claimed bounds.

4.2 From the classical table to a reversible permutation

Heap ties are broken lexicographically by source indices, and deque iteration
follows decreasing pair-sum order with the same tie rule. The resulting generation
order in Algorithm 3 is public and deterministic, so the online rank counter
de�nes a bijection

πK : JK −→ {0, . . . , |JK | − 1}.

13



The forward and inverse maps are stored in a QROM table and queried coher-
ently. The resource table must charge both query and unquery, the valid-address
state preparation when |JK | is not a power of two, and the table width 4⌈log2 L⌉
plus rank metadata. The working memory used to construct the table classically
is distinct from the QRACM or QROM memory used by the quantum sieve.

4.3 Experiments and Results

We implement the 4-ary collimation sieves in Haskell based on Peikert's reference
implementation of the simulator, which simulates and benchmarks a generaliza-
tion of Kuperberg's quantum collimation sieve algorithm for arbitrary cyclic
groups. The original code provides the sieve where r = 2, phase-vector gener-
ation, regularization, and numerical Fourier success estimates. We extend the
simulator with an r = 4 collimation routine that can explicitly construct the
inverse table inv and its reverse map π. All experiments reported below use
N = 280.

The sieve simulator allows the user to specify:

� a group order N ;
� a desired typical phase vector length L;
� an interval size S for the ultimate phase vector;
� the collimation arity r ∈ {2, 4};

The simulator returns its results in a human-readable form together with
sieve statistics, including:

� the total number Q̃ of queries to the quantum oracle Uf ;
� the number Q of predicted queries;
� the length L̃max of the longest created phase vector;
� the probability of obtaining a regular phase vector from the �nal one, and
the expected number of bits of the secret that can be recovered from the
�nal phase vector via regularity;

� the probabilities of obtaining punctured regular phase vectors of su�cient
length from the �nal phase vector, and the total probability of measuring a
value that yields log2 Ssecret bits.

Table 3 presents the full-regularization results with L = 64S. For the largest
parameter set, both arities achieve a regularization probability of approximately
74%, supporting Peikert's observation that L = 64S is generally su�cient to
obtain a regular phase vector with substantial probability. The low probability
of 34% in one binary run re�ects the randomness of the �nal phase multiplicities,
since each row reports one representative execution rather than an average.

Increasing the arity from 2 to 4 reduces the oracle-query count by factors of
approximately 8.17, 6.30, and 4.38 for the three parameter sets. The recursion
depth decreases from 9, 8, and 7 to 3. Moreover, the 4-ary measurements agree
closely with the calibrated query model, with Q̃/Q equal to approximately 1.06,
1.00, and 1.03.
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log2 N r log2 Q̃ log2 Q log2 L̃max log2 L log2 S Pr[regular] (%) bits threshold discard (%) depth

80 2 12.1 11.7 12.5 10 4 87 3.5 0.25 1.5 9
80 4 9.0 9.0 11.8 10 4 82 3.3 0.25 2.1 3

80 2 11.2 11.0 14.1 11 5 34 1.7 0.25 2.0 8
80 4 8.5 8.5 12.1 11 5 74 3.7 0.25 0.0 3

80 2 10.3 10.3 14.2 12 6 73 4.4 0.25 1.4 7
80 4 8.2 8.2 13.5 12 6 74 4.4 0.25 1.1 3

Table 3: Representative full-regularization runs at N = 280 and L = 64S. The
column de�nitions follow Peikert's Fig. 2 [3], with the arity r added. Here N is

the group order, r is the collimation arity; Q̃ and Q are the actual and model-
predicted numbers of queries to the quantum oracle; L̃max is the maximum length
of all phase vectors created during the run, and L is the requested phase-vector
length; S is the range size of the �nal phase vector. Pr[regular] is the proba-
bility of obtaining a regular vector from the �nal phase vector, and �bits� is
the expected number of secret bits recoverable from it. The �threshold� is the
minimum permitted ratio between a created vector's length and its requested
length; �discard� is the percentage of recursive calls rejected for falling below
this threshold; and �depth� is the recursion depth of the sieve. Each row reports
one run.

log2 N r log2 Q̃ log2 Q log2 L̃max log2 L log2 S p1 bits threshold discard (%) depth
80 2 16.9 16.7 10.4 6 6 0.302 4.3 0.25 1.9 14
80 4 11.9 11.8 8.7 6 6 0.337 4.4 0.25 1.3 5

80 2 13.8 13.0 11.2 8 8 0.541 7.1 0.25 1.8 10
80 4 10.0 9.7 11.0 8 8 0.393 6.7 0.25 1.3 4

80 2 11.2 11.1 12.3 10 10 0.408 8.7 0.25 1.9 8
80 4 8.6 8.6 11.3 10 10 0.295 8.2 0.25 1.1 3

Table 4: Representative punctured-regularization runs at N = 280 and L = S.
The format follows Peikert's Figure 3 [3]. Here N is the group order and r is

the collimation arity; Q̃ and Q are the actual and model-predicted numbers of
queries to the quantum oracle; L̃max is the maximum length among all phase
vectors created during the run, whereas L is the requested phase-vector length;
and S is the range size of the �nal phase vector. The additional quantity p1 is the
probability weight of the �rst punctured regular vector, obtained by retaining
one copy of every distinct multiplier in the �nal phase vector. Here �bits� is the
expected number of secret bits recoverable using the punctured regular vectors
derived from the �nal phase vector. The �threshold� is the minimum permitted
ratio between a created vector's length and its requested length; �discard� is the
percentage of recursive calls rejected for falling below this threshold; and �depth�
is the recursion depth of the sieve. Each row reports one run.
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Table 4 reports the punctured-regularization results with L = S. The 4-ary
sieve reduces the query count by factors of approximately 32.1, 14.0, and 5.87,
while reducing the recursion depth from 14, 10, and 8 to 5, 4, and 3, respectively.

The query reduction is obtained at the cost of additional classical computa-
tion. As shown in Table 5, the Õ(L2) four-list merge becomes dominant as L
increases. In the largest full-regularization run, r = 4 uses approximately 4.38
times fewer oracle queries but is much slower than r = 2.

Overall, the experiments con�rm that r = 4 substantially reduces the re-
cursion depth and oracle-query complexity while preserving useful regular or
punctured phase vectors. This reduction is obtained at the cost of the greater
classical work required by the four-list collimation.

As an additional implementation check, we independently reimplemented the
r = 4 collimation in Rust, including construction of inv. For the six con�gura-
tions listed above, in the same order, the values of log2(mean |JK |) over 50 seeded
runs were 10.386, 11.141, 12.521, 6.793, 8.307, and 10.186. The corresponding
mean wall-clock times for �ve sequential mapped runs were 0.970, 3.637, 18.535,
0.065, 0.232, and 0.869 seconds.

experiment (log2 L, log2 S) r = 2 time (s) r = 4 time (s) r = 4/r = 2 r = 4 peak residency
full (10, 4) 0.963 6.352 6.6 0.80 MB
full (11, 5) 0.492 25.202 51.2 1.55 MB
full (12, 6) 0.433 159.443 368.2 2.65 MB

punctured (6, 6) 17.293 0.832 0.05 0.18 MB
punctured (8, 8) 1.622 1.022 0.63 0.36 MB
punctured (10, 10) 0.482 5.892 12.2 0.75 MB

Table 5: Measured wall-clock time and maximum live heap of the Haskell im-
plementation. The r = 2 and r = 4 columns report complete sieve runs under
the same experimental con�gurations. Each timing entry reports one complete
representative run.

5 Results and Comparison

In this section, we analyze the quantum resources required for solving the entire
CSIDH, and then compare these resources with previous results.

Leveraging the optimizations for modular multiplication, modular inversion,
and modular division introduced [13] by Gu et al., we begin by assessing the
quantum resources required for �xed-exponent Legendre-symbol computation
and isogeny operations in Table 6. The empirical results reveal that the T-gate
count drops by at least 60% and 4%, respectively.

We next evaluate the quantum resource costs associated with class group ac-
tions, as detailed in Table 7. According to Lemma 2, performing a single in-place
isogeny evaluation over a 512-bit prime �eld requires 197511TM + 2336TI + TD

T-gates and (4s + 8)n + QD qubits. Extending this to the 1300 isogeny eval-
uations needed for the full protocol, the total T-gate cost becomes 228.9TM +
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Basic arithmetic operations Method in [2] This work

T-gates Qubits T-gates Qubits

Fixed-exponent Legendre-symbol 5775TM 11766 2301TM 11766

Out-of-place isogeny curve 15116TM + 2347TI 37839 15057TM + 2336TI 36817

Table 6: Arithmetic estimates [2]

222.5TI+211.3TD. When incorporating the baseline costs for modular multiplica-
tion, inversion, and division�the total T-gate budget for the 512-bit class group
action reaches 251.7. This marks a 46% improvement in T-count over the prior
state-of-the-art result of 252.6 T-gates, as reported in [2].

Bit-size n of p Number M of isogenies Total T-gates Ancilla qubits

Method in[2] 1300 252.6 39347[2]

This work 1300 251.7 38861

Table 7: Quantum T-gates and qubits for the class group action for CSIDH-512

Recursion depth Total T-gate QRACM memory Classic time Classic memory

r = 2 8 267.7 240.5 232 233

r = 3 4 265.9 241.5 264 233.58

r = 4 3 265.8 242 264 234

r = 5 2 264.2 242.6 296 296

r = 6 2 264.8 242.9 296 296

r = 7 2 265.2 243.2 2128 2128

r = 8 2 265.6 243.4 2128 2128

r = 9 1 262.7 243.6 2160 2160

r = 10 1 262.9 243.7 2160 2160

r = 11 1 263 243.9 2192 2192

r = 12 1 263.3 244 2192 2192

r = 13 1 263.2 244.2 2224 2224

r = 14 1 263.3 244.3 2224 2224

r = 15 1 263.4 244.4 2256 2256

Table 8: Performance comparison for di�erent r values

Furthermore, extending the four-list merging framework, we evaluate the
quantum resource demands for CSIDH-512 across di�erent collimation arities
r, as summarized in Table 8. The target length and range size of the sieve's
�nal-stage vectors are both set to L = S = 232, with the maximum observed
vector length capped at L̃max = 8L, and α = 1/2. The discard probabilities are
speci�ed as δ1 = 0.02 for r < 4 and δ2 = 0.05 for r ≥ 4.
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Using the CSIDH-512 group order, the �gure presents data for r in the range 2
to 15. As r grows, the total T-gate count declines steadily, whereas the classical
time and memory overheads of the collimation phase increase proportionally.
Thus, selecting r requires a balanced perspective: quantum resource savings must
be weighed against the classical cost. The viability of any approach on classical
hardware hinges on its asymptotic time and space complexity.

Imposing classical feasibility limits of 280 operations and 240 bytes of mem-
ory�representative of practical bounds for classical preprocessing in quantum
cryptanalysis�r = 4 o�ers the optimal compromise. For r > 4, either the clas-
sical time or memory footprint surpasses these thresholds (Table 8). However,
should these constraints be relaxed, larger r values could lead to superior quan-
tum performance.

6 Conclusion

In this work, we present optimizations to the quantum resources for solving
CSIDH, grounded in three technical innovations: (1)�xed-exponent Legendre-
symbol computation based on addition-chain windowing, (2) w-coordinate opti-
mization for isogenous curves in the Edwards curve model, and (3) a systematic
exploration of the collimation arity r. In the context of Peikert's collimation
sieve [3], the application of these techniques leads to a reduction of about 85%
in the total T-gate cost for CSIDH.

Looking ahead, several directions merit further exploration. First, the quan-
tum oracle overhead could be diminished through re�nements in �nite-�eld arith-
metic and isogeny evaluation. Second, provided that classical resources are not
a bottleneck, merging strategies for r > 4 could yield further improvements in
quantum complexity. Third, whether lattice-based methods can reduce the num-
ber of oracle calls using new techniques [19], currently M = 1300, remains an
intriguing open problem.
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